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Abstract.

The paper presents the derivation of Lorentz transformations in curvilinear
coordinates using a generalized biquaternions method. The orbital rotation of the source
and/or receiver, i.e. (mathematically) the Lorentz transformation in spherical coordinates, is
the cause of the transverse Doppler effect. The change of the wave frequency, i.e., «redshift”
leads to nonlinearities of Hubble's law, e.g., accelerated and anisotropic expansion of the

Universe, aberration, and wave polarization.
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Introduction

The cause of the wave frequency shift is the satellite's orbital motion, i.e., the transverse
motion of the signal source in a direction perpendicular to the observer. This is the transverse
Doppler effect [1]. The signal frequency offset (redshift) is a function of the orbital altitude
and velocity of the satellite: Aw = f(h,v). Corrections [2] to adjust the data are always

introduced into the calculations in satellite navigation.
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The classical form of the transverse Doppler effect (in the Cartesian coordinate system)
Is a strong simplification that limits the generalization of this law to describe many

phenomena.

The purpose of this paper is to find the Lorentz transformation [3] and its
consequences, the Doppler effect and aberration, in general form in curvilinear coordinates.
This approach is universal and applicable to understand better the mechanisms of
phenomena such as the accelerated [4] and anisotropic [5] expansion of the Universe, as well

as the nonlinear nature of the Hubble law and parameter [6].

Results
Theoretical basis.

1. Biquaternions in Cartesian coordinates

In abstract (Clifford) algebra, rotations (transformations) on planes in pseudo-

Euclidean space are given by formulas:

x' = R xR, (1)
or = R,x'R, 2)
Here

R, is biquaternion, R, is inverse or complex-conjugate biquaternion [7]:

~ o Ing+ o i Mg+ o
R(Z(Ra) = exp(iyayo Z?) = Icosh% i Ya¥o sinh n Zy(P (3)

I is a unit 4x4 matrix;
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x = X3 ,y; - x" is space-time vector in the stationary coordinate system (K);
x' =Y oy - x'"is the same vector in the moving coordinate system (K');
Yo, Yao»r @ = 1,2,3 are Dirac matrices;

Y = YoY1Y2Y3 is @ matrix analog of imaginary unit (y2 = —I);

Ya¥o 27“ is a bivector;

Zy = INg + Y@ IS a complex matrix.

@, are “purely spatial” rotations on the x0y, y0Oz, zOx planes. Since we will only consider

Lorentz transformations, we will omit these rotations in the following.
N are angles of rotation of the tOx, tOy, t0z planes, or so-called rapidities.
It is obvious that
RyR, *=R,R,=1 (4)
The algorithm ((1) and/or (2)) is explained in various sources, such as [8].

Note. If there is no sum sign (3., x,), then there is no summation, i.e., no summation over
repeated indices (Einstein's convention). For example, there is no summation over o.in Ry R,,

O uak®x®.

2. Biquaternions in generalized form

The generalization of the transformations (1) and (2) in curvilinear coordinates will

be the following formulas:

x' = RyxR, (5)
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or x = Ryx'R, (6)

Here R, and R, are a biquaternion and an inverse biquaternion in a generalized form

[9]:

Ra(Ra) =7 thwwh + Tqo SiNh =) (7)
x = Y3_,e; xtis a4-vector in a fixed basis K;
x' = Y3_,e; x" is the same vector in the moving basis K';

Tqo = eq/\eg IS the bivector, i.e. the outer product of vectors e, and e, [10].

1Taol = leaNeol = 1/ 900920 — Go09aa is the modulus (“length”) of the bivector e, Aey
[11].

gij s a matric tensor.
e, are vectors in the system of curvilinear coordinates.
The set of four such vectors {e,} forms a local basis (frame) in the 4-dimensional space.
A and e« are symbols of outer and inner products of vectors [10].
It is obvious that the biquaternions (7) satisfy the condition:
RyeR,=1

Note. The name “vector” for e, is conventional. In reality, e, are 4x4 matrices related to

Dirac matrices through coordinate transformation functions X;(q/):

3 0Xj

€i = Lij=0545: Y

3. Lorentz transformation in generalized form.
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Let us find the explicit form of the transformation (6). Let us substitute the

biquaternions (7), x" and x into (6).

By Clifford's double cross product [11]

ze (xN\y) = —(xA\y)ez=(zex)y—(zey)x (8),
we can write
Xx=Ryox' eRy, =Ry eRy*x' 9)

Indeed, the identity
x'eRy =Ry x',
takes place, since vectors eyx'® and e, x'® commutate with I|(e,Aey)|cosh 27“ but
anticommutate with (e, Ae,) sinh Z?“

In curvilinear coordinates, the products of e, » 7,, and e, » 7, are [12]:
€0 * Tqo = —Tqo ® €0 = €9 * (eqg\eg) = (eg * eg)eq — (eg * €p)ey = —Fooea (10.1)
€ * Tao = —Ta0 ® €a = €g * (eg/\&g) = (eq * €5)eg — (€4 * €0)eqs = Gaa€o (10.2)
For simplicity, we will consider an orthogonal coordinate system, i.e.
e ee =gy ifi=j and e, ee;=0,ifi # j.
Accordingly [zeol = leaAes| = I\/=FooGaa-

Then from equation (9) we get

1 .
x = egx® + e x% = 5 (IT20coshny + |Tao|TaoSinhng) » (egx'® + e x'%)
a0
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We substitute (10.1) and (10.2) into this equality. Multiplying the brackets and simplifying,

we get

_ egTACoshngx'%+eqT50c0shnax *+e4900|TaolSinANx' = gaaeo|Taolsinhnx'®

2o
Separating this equality by vectors e, and e, and simplifying, we get the Lorentz

transformation in curvilinear coordinates:

x% = coshn, - x'° + === a0l sinhny - x'®
doo (11)

x% = coshn, - x'% _k “°|smhna x'0

Jaa

Formula (11) is the Lorentz transformation in generalized form.

4. Generalized form of the Doppler effect and aberration.

Now we can derive the Doppler effect in curvilinear coordinates from (11). The change
of frequency and direction of propagation (aberration of light) of a spherical monochromatic
wave are determined by the condition of equality of phases of the same wave in both frames
of reference [13]:

gOOk’Ox,O + Jaak X" = gOOkOxO + Jaak x* (12)
Substituting the values x°, x* from (11) into (12) and simplifying, we obtain:
.gookloxl0 + aak' x'* =

= gook®coshn, - x'° — k¥|t 0lsinhn, - x'° + k|t yolsinhn, - x'* + gouk®coshn, - x'®

By comparing the coefficients of the same variables, we have:
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k'® = kOcoshn, — ';“"' k%sinhn, (13.1)
00
k'® = k®coshn,, + %kosinhna (13.2)

Formula (13.1) is the Doppler effect, and (13.2) is the aberration of the wave.

!

Note. We will find the geometrical and physical meaning of
the functions coshn,, sinhn,, and tanhn, in (11) and (13)

(Fig. 1) in the spherical coordinate system.

The plane e,Meq touches the surface Il,Mlg at the

point M. For small angles d6 and d¢, the arcs

X
Figure 1. l, =7-sin6 -de and lg = r - d6 are a little different from

straight lines. As we are considering an orthogonal coordinate system, all axes (including
the time axis) are perpendicular to each other. Therefore, we take the rotation in the plane

tlg as in the classical case (in pseudo-Euclidean space):

1 . Bo
coshng = : sinhng = : tanhng = Po, Bo = veg/c.
J1-h3 J158

vg is the linear velocity of system K’ relative to system K in the direction of tangent vector

eg. ¢ is light velocity.

Also  coshn, = —, sinhn, = \/%’ tanhny = By, By = ‘%«p.
“Po

1-B5

v, is the linear velocity of the system K’ relative to the system K in the direction of the

tangent vector €qp-
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Since r is a straight line segment, the rotation in the plane tOr does not differ from the

classical case: coshn, =

1/{/1— B2, sinhn, = B, /1 — B2, B, = v,./c, v, is the velocity along 7.

Calculations

We will not give Lorentz transformations and wave aberrations in Cartesian

coordinates. The reference of rotations on the tOx, t0Oy, t0z planes in Minkowski space

Where Yoo = 1, 911 = Y22 = 93z = -1 and |T(l0| =\ "900Yaa = 1 can be found in [13]

5. Lorentz Transformations and the Doppler Effect in the Time-Spherical Coordinate

System: ct, r, 6, @. (Figure 2.)

4 Let us find the form of the Lorentz transformation (11) and
[ )N\ G the Doppler effect (13.1) in the time-spherical coordinate
......... 57\ eo system: q° = ct is time or zero axis; g = r is the radius vector;
0 i q? = 6 is zenith or polar angle; g3 = ¢ is the azimuthal angle.

¢ 0<t<00<r<m,m0<f<m0<ep<2n

Figure 2.

A) Leta=3,te. xO=ct, x®=¢', x°=ct, xX*=¢, goo=1 g3 =

—r?-5in%0, |t30l =7 sind.

Then, from (11), we obtain the Lorentz transformations for the motion in the azimuthal plane

with the velocity .
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4{ct=m

_ 1 Bo .
Ik (P—\/@ ((P +r-sin9 Ct)

Let's find the type of Doppler effect and aberration. Our first objective is to determine

(ct"+71-sinf- L, ")
(14)

the wave vector type for azimuthal motion B, (8, = 0, Bg = 0) (Figure 3).
B, — velocity of system K" relative to K is tangent to the arc (along ¢).

The wave vector n is perpendicular to the front of a spherical
~ monochromatic wave. The angle between n and x is equal to ¢. The

angle between vector n’ and x is equal to x. The aberration angle § is

the angle between the vectors n and n'.

From equation (13) we get

w' = *(1—7-sind - f,) (15.1)

=
Bo

I, — Y .1 __Pe_
) COS(S_W (1 r-sine)
P

The aberration angle ¢ is the difference between the angle of wave incidence from the

(15.2)

source and the observed angle, which varies due to the rotation of the receiver (e.g., the
Earth) in orbit.

(15.1) is the Lorentz transformation and (15.2) is the aberration of the wave at the
azimuthal velocity of the source (receiver). The aberration angle & is defined relative to the

wave vector n in formula (15.2).

We find § relative to the observer (point 0) (Figure 3).
93
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Since zz'n =@ and 2z"n’ = ¢ + 6, then

(L),

k3 = % cosp, k'3 = COS((p +6), k°= k'0 ==

—.
Then equations (13.1) and (13.2) for a« = 3 can be written as:

w' = w - (coshn, —r - sinb - cosg * sinhn,,)
o' cos(¢p +8) = w (cose - coshn, — @ + sinhn,,)

Substituting the first equation into the second one, we get:

Be
r:sinf (16)

1-1rsinf-cosp-fy

cosQp —

cos(p +8) =

On the radial motion of the wave source or receiver (gopo = 1, g11 = —1), we obtain the

relativistic Einstein aberration formula [14] from (16).
If ¢ = g then from (16) we get

)

r-sinf

sind = (17)

Let's calculate the annual aberration of the stars. We take r = 1‘% and 9 = % in formula

7.
1 au = 149 597 870 700 m is an astronomical unit.

On aphelion, the Earth's orbital velocity is 8, = 332;30 and it's p = 1.016 au from the Sun
[15]. On
30.29

perihelion, the Earth's orbital velocity is B, = and the distance to the Sun is p =

300000

0.98329 au [15].
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Calculations using the formula (17) show that the annual aberration angle is equal to:
6, = 19.80753477" — for afelius;

6p = 21.17978416"" —for perihelion;

§ = 20.49365946"— mean value;

Sexp = 20.49552"" is the officially accepted annual aberration value [16]. The

measurement error (A = 5 ) in the calculation of § is less than A < 1073 %.

exp

We will not consider the case a = 2, i.e., motion along the direction of the vector eg
(x=ct', x2=0", x°=ct, x2 =0, goo=1, g2 = -T2, |150| =7),sincCEa = 2
IS a special case of a = 3.

Also the case a = 1 (radial motion of the source and/or receiver) does not differ from

the classical case (Cartesian coordinate system).

6. Hubble's law.

We now find the dependence of the redshift z = ‘”;—i‘)l on the distance r between the

source and receiver of the wave.

Substituting (15.1) into z, we get

__ sinB-By

(18)

1-7-sinf-By

To be precise, the "scattering velocity of galaxies" v is by no means equal to, but only

proportional to ¢ - z (the product of the speed of light ¢ and the redshift z). Therefore, we
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multiply formula (18) by k - ¢ and obtain the dependence of the galaxy scattering velocity v

on the distance between them r, i.e., Hubble's law [17]:

sin@-By

v=k-c (19)

1-1r-sinf-By

here k = 1.28505045 - 107 km/c is the coefficient of proportionality that is determined by

the experiment.

74
L e N (19), all variables (z, B, =22,r) are
1500, o/ 4
-/'/ dimensionless, so we acceptr = —. Ry =
7 “
e ‘/‘:'/ 14300 Mpc [18] is the radius of the effective particle
;/ 5 horizon, up to which we can see particles created since
500 ’
i /,;(.‘ the Big Bang; dis
» e
0 k ——3 - the distance from the object to the observer, measured in
e 4
' d Mpc; Figure
4,

B, = 24000/300000 = 0.08 is the linear velocity at the periapsis of S4714's proper orbit
[19]. This is the highest velocity in our galaxy (Milky Way).

Then (19) has the form (sinf =~ 1):

008k
"~ Ry—0.08-d

(20)

Figure 4 shows the approximation of the data from [20] and [21] by function (20). m
— data from [20, 21], red dashed line — function (20). We can see that formula (20) agrees

well with experiments up to "medium™ (d~500 Mpc) distances.
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If we consider Hubble's law as before, i.e., the dependence v~f(d) is linear (Figure 5)

v = H(r,G,v(p)-d,

H knn/c/Mp
7" then we get the Hubble parameter H(r, 6, Vyp):
7 4
/ __ sinf-Byk
! 72.09327699 H(d, o, v‘p) "~ 1-sinB-B,d (21)
7
/ here H =72.0932769 km/c/Mpc. (71.9 < H(d,8,v,) <
/
_ .. 72.3)is mean value (dark line in Figure 5).
0 100 200 300 400 4
Figure 5. In fact, H(d, 6, v,,) depends

on d, 6 and v,. Therefore, the Hubble parameter grows weakly with increasing source-

receiver distance (Figure 5), even nonlinearly at large distances (dashed red line in Figure
6).

It would be more correct to take the dependence
z~f(d) instead of v~f(d). Hubble's law was originally
derived empirically, also from the assumption that the
redshift of the spectrum is due to the radial velocity of
objects. In addition, the assumption was that the
_ dependence would be linear. But formula (20) shows that

Hubble's law is nonlinear: as the distance between objects

increases, the ‘“galaxy expanding velocity”, or more

Figure 6. precisely, the redshift (Hubble parameter, too), increases
even at low velocities and without radial velocity, i.e., without galaxy expand (v, = 0). At
large distances, the redshift and Hubble parameter increase with acceleration (Figure 6). The

cause of redshift is not only radial motion but also an orbital motion of the source and/or
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receiver. Simply put, the radial recede of galaxies is not the main reason for redshift. The
source and/or receiver's orbital motion is likely the primary cause of the redshift.

Now consider the dependence of redshift z on the zenith angle 6 and the distance

between objects d: z~f(d, 6).

From (19) we get

k'sinf-0.08
LA L (22)
Ry—sin6-0.08-d

Figure 7 A shows the relationship (22): z~f(d, 8).

150
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The two-dimensional plot (Figure 7A) shows that z reaches a maximum at 8 = /2 for
all values of d (d; > d, > d3 > d,). Astronomers often take the angle 6 (zero) not from the
North Pole [22], but from the ecliptic plane, i.e., from the plane of the Earth's orbit around

the Sun. Then we should use cos@ instead of sinf in formula (22). We'll continue that

tradition.
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Figure 7B shows the projection of f(d, 8) onto the z, 8 plane. The graph shows that the
closer the angle 6 is to the ecliptic (6 — 0) and the larger the distance d, the larger the
redshift z.

We can only observe longitude 0 < ¢ < 2m and latitude —z/2 < 8 < 1 /2 in the sky.
We don't see the depth of the sky, i.e., the distance d to the celestial object. We determine it
by indirect evidence (brightness, etc.). We calculate the redshift z by formula (22). However,

formula (22) depends not on angle ¢ but on angle 8 (Figure 7B).

If the dependence z~f(d, 8) (23) is plotted on a map of the Universe (latitude and

longitude), we get the picture as in Figure 8A.

Figure 8B shows a map of the anisotropy of the relic radiation [23] in the K, Ka, Q, V,

V Figure 8

and W bands. A plot of z versus zenith angle 8 (—90° < 8 < 90° vertically) on the latitude-
longitude map is shown on the left (Figure 8A). We see that the z maxima are centered on a
narrow band for all d (red shaded band in Figure 8A). In the experiment, the "hot" (red)
regions are also located in the center of the ecliptic (Figure 8B). Simply put, the observer
(telescope) fixes large ("hot™) z 's closer to the ecliptic and small ("cold") z 's farther from
the ecliptic. This is similar to how an astronaut from space cannot tell the height of mountain

ranges on Earth but only sees stripes where the ridges are.
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Note again that the width and length of the red shaded band (Figure 8A) depend on z:
narrow and short bands correspond to large z, and wide and long bands correspond to small
z. This is visually consistent with the data on the right: K < Ka < Q <V < W,

The irregularity of the bands in Figure 8B is most likely due to the random distribution
of the object velocity and the proximity of the clusters. The "disorderly” arrangement of
bright points in cold regions (further from the ecliptic) is probably due to a random

distribution of distances d between the source and the receiver (observer).

6. Polarization of the waves

The wave vector changes direction relative to the observer due to the satellite's orbital
rotation. The direction of the wave vector changes by an angle § (aberration angle) due to
the rotation of the stars in their orbits and/or the rotation of the Earth around the Sun. The
rotation of the source and/or receiver along the orbit is the cause of the change in the direction
of the wave vector, causing the change from n to n’. This change in the direction of the wave
Is the cause of the transverse Doppler effect, the aberration, and the polarization of the

"refracted" wave.
By analogy with geometrical optics in formula (16), we denote:

/2 — ¢ = a —the angle of incidence of the wave; /2 —

(p + 6) = y —the angle of refraction of the wave;

Considering cos(¢ + 8) = cos(r/2 —y) = siny and cos(@) = cos(m/2 — a) = sina

and simplifying from equation (16), we get

sina 1-r-sinf-sina-fy

siny  q___Po
r-sinf-sina
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Let 8 = /2. Then

sina 1-r-sina-By

e

(23)

By analogy with Snell's law [24], let us introduce the "refractive index™ of the vacuum:

__ 1-rsina-By
__Pe_

r-sina

(24)

If gs33 =r-sina = —1 (rectangular coordinates), then (24) gives n = 1- the classical
"refractive index" of vacuum. In curvilinear coordinates, the refractive index of vacuum n
differs from unity. For example, for an observer on Earth at aphelion n = 0.9999967655 <
1, at perihelion n = 1.000003403 > 1.

Let the "incident™ monochromatic wave n be directed along the unit vector k and the
velocity of the wave source be along the
unit vector j. The direction of the
"refracted" wave n’ will be k', and the
direction of the velocity n’ will be j'
(Figure 9).

Figure 9A shows the incident wave

K and the wave K’ (with velocity 8, on
Figure 9 orbit) in a spherical coordinate system.
Figure 9B shows the waves K and K’ on the incision plane through a vertical plane (the

azimuthal angle is ¢). Note that j and j' coincide.
We directed n along k freely, at our discretion, and the velocity g, along j. But the

choice of k', j', i’ is not free, but rigidly connected with k, j, i.
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Let's consider the electrical components of the "incident™” wave:
E = Ejei#m=ot) — E cos(#r — wt) + iE, sin(#£r — wt)

4 is the wave vector.

Of course, all of the above also applies to the magnetic field.

Let’s introduce vectors:

a = E, cos(#r — wt) = ia; b = Re{iE,sin(#r — wt)} = jb;
a' = E; cos(#r — wt) = ia'; b’ = Re{iE;sin(#r — wt)} = jb'.
Then

E=ia+jb E =ia +jb
Figure 9B clearly shows that the angle between a and a’ is equal to &, as is the angle

between i*i' and between k*k'. The angle between b and b’ is zero, as is the angle between
g

The projections of a’ onto a and b’ onto b are:

a'=a-cosé and b'=bh

The polarization vector is along k. Since we have described n in the right-handed

coordinate system (right-handed vector triad), n" will also be right-handed polarized.
Let's find the polarization vector P (let a = b):

E]Z—Eiz __ b%-a?cos?§

o E}+E} "~ b2+aZcos?8
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Incident wave (n) is natural, not polarized. For natural light, where waves of different
polarizations are equally mixed and all directions are equal. Assuming that the polarized
wave n' (after "refraction™) is half the natural wave, we get:

_1, 1—co0s26 (25)

2 1+cos?6

From formula (25), we can find the degree of polarization for annual aberration.

Substituting (17) into (25) and simplifying, we get:

p=L. sin?§ 0.5 or
2 2-sin?8  2-sin~26-1
0.5
b= 2:B 4% 12-cos20—1 (26)
) 2929 _ M _p — . 10-9
At aphelion (8, = 200000’ T = 1.0167 au, 86 =0)-P, =2.31-107".

At perihelion (8, = 30.29/300000, r = 0,98329 au, 8 = 0)— P, = 2.64 - 10~°.
] p

We took the zenith angle from the ecliptic, following the astronomers: (sinf — cos#).
Of course, the effects are very weak: P, = 2.31-107° and P, = 2.64-107°.

In general, the degree of polarization (26) depends on the distance between the source

A /

0.9

and receiver and the

zenith angle (elevation

angle).

This dependency

is illustrated in Figure
10: B, =10"* -

Earth's average orbital
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velocity; Figure 10. r — distance

from observer (on Earth) to wave source; R, = 14300 - 10° pc [18].

The dependences of P~f(8) at 50, 1000, 2000, and 3000 parsecs are shown in Figure
10B. Graph 10B is an incision of the 3-dimensional graph 10A by the plane 8: P~f(r, 8).

It is obvious that for large » and 8~0, the degree of polarization P is maximum.

Figure 11 shows plots of
experimental data on measurements of
the degree of polarization of stars [25].
Graph 10A does not conflict with Graph

v &

11B, which is the experiment. Diagram

11A doesn’t contradict the Graph 10B,
Figure 11 if the latter is placed on the 8, ¢ plane.

It is obvious that here, as in the case of the redshift (Figure 8), we also see a stripe close
to the ecliptic (6~0) (Figure 12).

Figure 12 shows starlight polarization vectors in galactic coordinates for 5513 stars.
90" Nearby Stars (d < 1 Kpc) [52] for a local cloud (upper) and for an

0 it s MRS e average polarization vector over many clouds

(lower).

90 0 270

-9() . .
osmmmﬂm, ' 1 (mmxmsist). Our calculations for measuring the

90 2

ude {Deg)

Latit

degree of polarization do not include
o-m N ———. .

statistical hypothesis testing (due to the small

90 Longitude (Deg) (Fosalon s &t 2001)

sample). Nevertheless, both graphs (Figures

11 and 12) visually demonstrate the correctness of our Figure 12.
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assumption about the dependence of the degree of polarization on distance and polar angle:
the greater the distance between the source and receiver of the wave and the closer the
elevation angle to the ecliptic (6~0), the greater the degree of polarization. In other words,
large redshifts z and maximum degrees of polarization P are concentrated near the ecliptic

plane.
Discussions and Conclusions

1. Generalized biquaternions are a convenient and universal mathematical tool for describing
many physical processes, in particular the Lorentz transformation and its consequences (the

Doppler effect, aberration, and polarization of light) in curvilinear coordinates.

2. The radial running away of galaxies (longitudinal Doppler effect) is not a necessary and
single cause of red shift. The rotation of the source and/or receiver of the wave along the
orbit is, perhaps, the main cause of the red shift of the spectrum of stars. In other words, in

a stationary universe, there is also a redshift of the spectrum of stars.

3. The rotation of the source and/or receiver of the wave along the orbit, which is
(mathematically) the Lorentz transformation in curvilinear coordinates, is the cause of both
the redshift and the aberration and polarization of the wave and is also gravitational lensing,

I.e., the "refractive index of space-vacuum® is not equal to the unit (n # 1).

4. The greater the distance between the source and receiver of the wave, the greater the
redshift and degree of polarization of the wave, and they are concentrated in a narrow band

near the plane of the ecliptic (6~0).
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