Ratsional ko‘rinishdagi integrallar va ularning differensiallash

usullari orgali yechimlarini topish
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Ushbu maqgolada

XD ad L be <0,
cx +d

[R(x.n

ratsional ko‘rinishdagi integrallarni differensiallashlar o‘rganilgan.

10, jR(x,n/aX+db)dx ko‘rinishidagi integrallarni hisoblash. Faraz qilaylik,
CX +

R(u, V) ikki o’zgaruvchining ratsional funksiyasi bo'lib, a,b,c,d lar haqigiy sonlar,

ne N bolsin.
Ushbu

jR(x,n

XDy ad—be 0,
cx+d

ko rinishidagi integrallarni garaymiz. Bu integral o°zgaruv-chini almashtirish

yordamida ratsional funksiyaning integraliga keladi:




Jax+b tX_b—t“d
d 7 ct"-
jR(x ax+b )d cx+d b ct" —a| _
dx= {89 =DM o1
(a—ct")
n_ _ n-1
=IR dt b,t (ad bc)nt2 dt.
a—ct" (a—ct")
1-misol. Ushbu
,f 1+x
1-x 1-x x
integral hisoblansin.
<4Bu integralda
— 1+Xx
1-x

almashtirishni bajaramiz. Unda

t? -1 dy At

X = , =
t? +1 (t? +1)°
bo'lib,
2
I 1+x =2j tedt
1-x 1 X t2 +1
bo ladi.
Ravshanki,
t2dt
=t —arctgt + C.
I'[2 +1 J

Demak,




H1+X L —21/1+—X—2arctg‘/1+—X+C>
1-x 1-x 1-x 1-x

20, jR(x,\/ax2 +bx+c }jx ko‘rinishidagi integrallarni hisoblash. Bu integralda

a,b, c-hagigiy sonlar bo‘lib, ax® +bx+c kvadrat uchhad teng ildizlarga ega emas.
Qaralayotgan
[R(x,vax? +bx + c)dx 1)
integral quyidagi uchta almashtirish yordamida ratsional funksiya integraliga
keladi.

a) a>0 bolsin.

(1) integralda ushbu
t=+ax+vax’ +bx+c  (yoki t=-vax++ax?+bx+c)
almashtirishni bajaramiz. U holda

ax? +bx+c=t2=2axt +ax?,

_ t?P—c ”~ 2(x/_t2+bt+c\/—)d
2Jat+b (2v/at +b)? ’
N Jat? +bt+c/a
2Jat+b
boladi.
Natijada
[R(x,Vax® +bx+c)dx =

=IR( t> —¢ \/5t2+bt+c\/_] 2(~/at? +bt+c\/_)
2

Jat+b ' 2Jat+b (2Jat+b)?




bo‘ladi.
2-misol. Ushbu

dx

Ix+\/x2+x+1

integral hisoblansin.

<« Bu integralda

t=X+VXx2+x+1

almashtirishni bajaramiz. Natijada

2 2
_tt-1 dx—2t +t+1dt

142t ] 1+ 2t)?
bo‘lib,
| dx ~of t? +t+1
X+ x% 4 x +1 (1+21)°t
bo‘ladi.
Agar

2> +t+1) 2 3 3

tL+20)% t 1+2t (1+2t)°

bo'lishini e tiborga olsak, unda

Jdt ~2Inft—2InfL+ 2]+ 2(1320 iC=
+

J‘ dx _J‘ g_ 3 B 3
X+ x+1 Lt 1+2t (1+2t)°
_2In‘x+\/x + X+ ‘——In‘1+2x+2\/x + X+ ‘ +C

2(1+2x + 2\/x +Xx+1)

bo'lishi kelib chigadi. »




b) ¢ >0 bo'lsin. Bu holda (1) integralda ushbu

t=1(\/ax2 +bx+c —+/c)
X
yoki

tzxi(\/ax2 +bx+c +\/E)

almashtirishini bajaramiz. Unda

2 2 _
X=2\/E t-b dx=\/a —bt+\/E adt mzx/g t bt+a\/6

a—-t> ' (a+1)? ’ a—t?

bo'lib, (1) integral ratsional funksiyaning integraliga keladi:

[R(x,Vax® + bx+c)dx =
=IR£2JEt—b Jet? —bt+aJEJ[JEt2 _bt“/EaJdt

a—t? a—t> (a+t)?
v) ax? +bx+c kvadrat uchhad turli x, va x, hagiqiy ildizga ega bolsin:

ax® +bx+c=a(x—X) - (X—X,).

Bu holda (1) integralda ushbu

Jax? +bx+c

t=

almashtirishni bajaramiz. Natijada




2
—ax, + Xt a(x, — X
X=——2 "7 \/ax2+bx+c=—(1 2)t

t* -a t’ -a
dx= 2205 X )t g
(t°-a)
bo'lib,
[R(x, Vax? +bx+c)dx =
e— 2 — —
:IR ax22 + Xt | a(x21 x2)t ' 2a(;(1 xg)t dt

t°—a t°—a (tc-a)
boladi.
3-misol. Ushbu

X — X2 +3X+2

I =] dx

X+VX2+3x+2

integral hisoblansin.
<« Ravshanki,

X% +3x+2=(X+1)-(x+2).

SHuni e'tiborga olib berilgan integralda

t=i\/x2 +3X+2

X+1
almashtirishni bajaramiz. U holda

_2-t? gy 2t
R § o Y
(| t? —1)

bo’lib,

x—\/x2+3x+2d —2t? -4t

- dt
O VR IS e S TETE




bo’ladi.
Endi

3 16 17 ) 1

2t - 4t 4 27 108, 18 , 3
(t=2)-(t-1)-(t+1)> Tio1 -2 41 t+)? (t+1)°

bolishini e'tiborga olib topamiz:

(t—2)-(t—1)-(t+1)3 47t-1 27 t—2
dt 5. dt 1
' 4h =42 - Injt -1 -
108 t+1 187 (t+1)* 3 (t+1) 4

_E| At 2|__| —eN G A L

=I —2t? — 4t dt - 3. dt dt
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